Chiral effective field theory is a framework to derive systematic nuclear interactions. It is based on the symmetries of quantum chromodynamics and includes long-range pion physics explicitly, while shorter-range physics is expanded in a general operator basis. The number of low-energy couplings at a particular order in the expansion can be reduced by exploiting the fact that nucleons are fermions and therefore obey the Pauli exclusion principle. The antisymmetry permits the selection of a subset of the allowed contact operators at a given order. When local regulators are used for these short-range interactions, however, this "Fierz rearrangement freedom" is violated. In this paper, we investigate the impact of this violation at leading order (LO) in the chiral expansion. We construct LO and next-to-leading order (NLO) potentials for all possible LO-operator pairs and study their reproduction of phase shifts, the 4 He ground-state energy, and the neutron-matter energy at different densities. We demonstrate that the Fierz rearrangement freedom is partially restored at NLO where subleading contact interactions enter. We also discuss implications for local chiral three-nucleon interactions.
I. INTRODUCTION
Chiral effective field theory (EFT) [1, 2] is a powerful framework to derive nuclear interactions. It is connected to the symmetries of quantum chromodynamics (QCD) and provides a systematic expansion for nuclear forces, including two-nucleon (N N ) and many-nucleon interactions, which enables calculations with controlled theoretical uncertainties. Chiral EFT explicitly includes longrange pion-exchange physics and parametrizes shorterrange physics by the most general set of contact operators that is permitted by all symmetries of QCD. Thus, in chiral EFT, N N interactions are given by the sum of pionic and short-range contributions, (1) where Q denotes the momenta involved or the pion mass and Λ is a regularization or cutoff scale. Furthermore, V π stands for the contribution to the interaction from longrange pion exchanges, while V cont contains all of the contributions from short-range contact operators. The longrange pion exchanges depend on a set of pion-nucleon couplings, C π i , and the short-range interactions depend on a set of low-energy couplings (LECs), C i , that are typically fit to experimental data. Considerable effort has been invested recently into the improvement of chiral interactions; see, e.g., Refs. [3] [4] [5] [6] [7] .
The most general set of N N contact operators at a particular order in the chiral expansion is given by all combinations of spin, isospin, and momentum operators that are permitted by the symmetries at this order. In addition to the spin and isospin of the two nucleons, these operators depend on two momenta that can be chosen to be the momentum transfer q = p − p with the incoming and outgoing relative momenta p = (p 1 −p 2 )/2 and p = (p 1 − p 2 )/2, respectively, and the momentum transfer in the exchange channel k = 1 2 (p + p). Interactions that depend only on q are local, i.e., they depend only on the relative distance r upon Fourier transformation to coordinate space, while k dependencies lead to nonlocal interactions.
The number of contact operators at each order in the chiral expansion can be reduced (by a factor of two for N N interactions), due to the fact that nucleons are fermions and therefore obey the Pauli exclusion principle. As a result of the antisymmetry, only a subset of the allowed contact operators at a given order is linearly independent. Generally only the linearly independent contact operators are therefore included. While several subsets can be chosen at each order, they all lead to the same predictions for physical observables. This property is known as Fierz rearrangement freedom or Fierz ambiguity, given the analogy to Fierz identities in four-fermion interactions [8] .
Recently, local chiral interactions have been developed that can be used in quantum Monte Carlo (QMC) methods [9] [10] [11] [12] [13] . This has led to the first investigations of light nuclei and neutron matter using QMC methods in combination with chiral EFT interactions [13] [14] [15] [16] [17] [18] [19] [20] . However, it has been found that local regulator functions introduce sizable regulator artifacts in the three-nucleon (3N ) sector [11, 15, 21] : First, one finds less repulsion from the 3N two-pion-exchange interaction than for typical nonlocal regulators, and second, there is a violation of the Fierz rearrangement freedom for the short-range 3N con-tact interactions, i.e., calculations depend on the choice of the short-range operators; see also Ref. [22] . While it is true that all regulator functions introduce regulator artifacts at finite cutoffs, the effects of the violation of the Fierz ambiguity have been found to be larger than or comparable to other sources of uncertainty, as demonstrated in Refs. [15, 21] . This additional regulator artifact is present for local short-range regulators [11, 23] , but not for typical nonlocal short-range regulators used in previously derived nonlocal 3N interactions [24, 25] .
A similar violation of the Fierz ambiguity due to local regulators also appears in the N N sector. Based on power counting arguments, one would expect these effects to be even larger in the N N than in the 3N sector. Thus, it is important to study how physical observables are affected by the violation of the Fierz ambiguity in N N interactions. Moreover, the N N sector provides an ideal testing ground for understanding this additional regulator artifact.
In this paper, we explore the violation of the Fierz ambiguity at leading order (LO) in the N N sector and investigate the effects of this violation on the local coordinatespace interactions of Refs. [9, 10] . We study phase shifts, the ground-state energy of 4 He using the Green's function Monte Carlo (GFMC) method [26] , and the energy per particle of neutron matter using the auxiliary-field diffusion Monte Carlo (AFDMC) method [26] for different short-range operator combinations. After investigating this regulator artifact at LO, we show that at next-toleading order (NLO) the Fierz rearrangement freedom is partially restored and the remaining violation is smaller than typical chiral uncertainty estimates. We emphasize that this effect is not present in nonlocal N N interactions [5-7, 27, 28] or semilocal interactions [3, 4] . This paper is structured as follows. In Sec. II we explain in more detail the Fierz rearrangement freedom and its relation to different regulator choices. In Sec. III we study the consequences of the violation of the Fierz ambiguity for local chiral LO interactions and then investigate "complete" LO interactions in Sec. IV. In Sec. V we study the effects of the inclusion of NLO corrections. Finally, we summarize in Sec. VI.
II. FIERZ REARRANGEMENT FREEDOM
The N N interaction at LO (Q 0 ) in Weinberg power counting has two contributions: The local one-pion-exchange (OPE) interaction and momentumindependent contact interactions. The general set of LO contact interactions consistent with the symmetries is given by the spin-isospin operators 1, σ 12 = σ 1 ·σ 2 , τ 12 = τ 1 · τ 2 , and σ 12 τ 12 .
Even though antisymmetry is a basic symmetry only of the many-body states, in the following we study the antisymmetrized potential to explain the origin of the Fierz rearrangement freedom. The interaction after antisymmetrization, V as , is given by
with the antisymmetrizer A defined via
Performing the antisymmetrization for the LO contact interaction explicitly, we find [10] 
C στ 1
As can be seen, there are only two independent couplings at LO after antisymmetrization, and these two couplings contribute to the two possible S-wave scattering channels. Thus, only two out of the four operator structures are necessary to describe the contact physics at LO while the remaining operator structures are recovered after antisymmetrization. In principle, any linearly independent combination of two out of the four contact interactions can be chosen, which is used to reduce the number of LECs when constructing chiral N N interactions.
Chiral EFT is a low-momentum theory and, thus, when using chiral interactions in few-and many-body calculations, it is necessary to apply momentum-dependent regulator functions to cut off high-momentum modes that would otherwise lead to divergences. In general, the regulator function can depend on both momentum scales, f R (q, k). Let us now consider the preceding argument with a regulator for the short-range potential included. The Fierz ambiguity is preserved if the regulator commutes with the antisymmetrizer, i.e., when
In this case the regulator is just a prefactor in Eqs. (3) and (5) and does not affect the antisymmetrization procedure: There are still only two independent contact operators at LO. The condition Eq. (6) is fulfilled only when the regulator is a symmetric and even function of q and 2k. This is equivalent to regulating the short-range contact interactions with symmetric and even functions of p and p , as has been done for previously derived nonlocal [5-7, 27, 28] and semilocal interactions [3, 4] , which use the functional form
where n takes integer values. In contrast, local regulators f R (q) violate the Fierz rearrangement freedom, because they do not commute with the antisymmetrizer. Introducing the momentum exchange operator P m , where P m f (q, k) = f (−2k, − 1 2 q), the antisymmetrized interaction with local regulators is given by
where f R (q) = f R (2k). All of the above combinations of LECs are linearly independent and, thus, the Fierz rearrangement freedom is violated. This violation of the Fierz ambiguity is a manifestation of the fact that introducing a regulator function affects terms beyond the order at which one is working, and should be corrected when subleading contact operators are included. Here we illustrate this explicitly by using a Gaussian local regulator,
. Expressing k in terms of q, p, and p , we can write
Inserting Eq. (9) into Eq. (8), we find
. Reexpressing p and p in terms of q and k, the first correction term in Eq. (9) can be rewritten as
These operators will be introduced at NLO in chiral EFT, and, analogously, the higher-order corrections O((Q/Λ) 4 ) will be included at next-to-next-to-next-toleading order (N 3 LO) and beyond. The higher-order terms V f corr (p · p ) depend on both the explicit form of the chosen regulator and on the order at which one is working. Because the correction terms depend on the angles between the nucleons, they contribute to higher partial waves (nonlocal regulators only depend on the magnitudes p and p ). As a consequence, while, e.g., the LO contact interactions only describe the two S-wave channels, the use of local regulators leads to a mixing of these contributions into higher partial waves.
More generally, every regulator that respects the Fierz rearrangement freedom is an even function of p and p . Then, every regulator that mixes LO physics into partial waves with odd l, e.g., P waves, and as a consequence contains terms of the form (p · p ) 2n+1 , violates the Fierz rearrangement freedom. Thus, it follows that a violation of the Fierz rearrangement freedom is equivalent to a mixing of the S-wave contact interactions into odd-l partial waves. In contrast, mixing of LO contact physics into partial waves with the same S and T (∆l = 2n) is compatible with the Fierz rearrangement freedom.
Let us consider the violation of the Fierz ambiguity at LO from the point of view of a partial-wave decomposition. We again consider a Gaussian regulator in q. This regulator can be rewritten as
where the first factor is a typical nonlocal Gaussian regulator. The second factor, however, depends on the angle between p and p . Expanding this second exponential function in partial waves, we find
with j l a spherical Bessel function, and Y lm a spherical harmonic. We can now compare the radial part for this local regulator to a nonlocal LO contact interaction with a Gaussian regulator in a partial-wave basis. The nonlocal potential leads to
while the local version takes the form
with C a constant and f R (p, p ) = exp
. One can easily see that the nonlocal LO interaction in Eq. (14) only contributes for l = l = 0 (S waves). The local interaction of Eq. (15), on the other hand, contributes to each partial wave with l = l .
The regulator-induced contribution to all partial waves complicates fitting procedures and leads to increased theoretical uncertainties. The interaction is, however, accompanied by a Bessel function in p and p that, for increasing orbital angular momentum l, shifts the mixed contributions to larger momenta, where they are suppressed by the regulator f R (p, p ) itself. Though the preceding argument was for a specific regulator function, we expect that the violation of the Fierz rearrangement freedom has the largest effect for partial waves with small orbital angular momenta, while large-l partial waves are protected by the angular momentum barrier.
III. LOCAL CHIRAL POTENTIALS
We now investigate the impact of the violation of Fierz ambiguity on the recently developed local chiral N N potentials of Refs. [9, 10, 12, 13] .
In coordinate space, the LO potential is defined by
with the long-and short-range coordinate-space cutoffs R L and R S , respectively. The OPE interaction has the form 
FIG. 1. Phase shifts for the 1 S0, 3 S1, and 3 D1 channels and the J = 1 mixing angle 1 for R0 = 1.0 fm at LO and NLO. The S-wave phase shifts are fit and independent of the choice of the LO short-range operators. The lines for different operator choices overlap except in the case of the mixing angle 1 and the 3 D1 partial wave at NLO.
with the pion mass m π = 138.03 MeV, the axial coupling constant g A = 1.29, the pion-decay constant F π = 92.4 MeV, and the tensor operator S 12 = 3σ 1 ·rσ 2 ·r−σ 12 .
Taking the general set of momentum-independent shortrange contact operators, we have
Below we use the long-and short-range local regulator functions
with a single cutoff scale R L = R S = R 0 as in Refs. [9, 10] . Our conclusions apply equally well to the long-and short-range local regulator functions of Refs. [12, 13] . If the Fierz rearrangement freedom is respected, physical observables are independent of the choice of any linearly independent set of two out of the four operators in Eq. (18) . For local regulators, this is not the case and we investigate this effect by constructing LO potentials for all possible pairs of contact operators. In each case, we fit the two LECs to phase shifts in the two S-wave channels. More precisely, we fit the spin-isospin LECs to these phase shifts, which we label according to the spin and isospin quantum numbers, C ST , instead of using the standard partial-wave notation, C2S+1 L J . We reconstruct the operator LECs of Eq. (18) according to
Note that we exclude the pair 1, σ 12 τ 12 from consideration, because the operators of this pair are linearly dependent in the two S-wave channels. We fit the LECs C 01 and C 10 to the 1 S 0 and 3 S 1 neutron-proton phase shifts from the partial-wave analysis of Ref. [29] (PWA) for cutoffs in the range R 0 = 1.0 − 1.2 fm. While fitting to phase shifts contains inherent drawbacks, our goal in this work is not to produce high-precision potentials. Nevertheless, we plan to fit to scattering data in future work. We use an existing automatic differentiation package [30] for Python to obtain numerical gradients for the fits, and feed these into Python's BFGS minimization routine. This algorithm is a quasi-Newton method, named after its founders Broyden, Fletcher, Goldfarb, and Shanno [31] . We perform least-square optimizations to minimize a χ 2 value with respect to the LECs. The χ 2 value is defined by
where the uncertainty ∆δ i is given by
Here ∆δ
is the uncertainty from the PWA, ∆δ theo i is the theoretical model uncertainty for the chiral interactions, and ∆δ num i is due to numerical errors. For the theoretical uncertainty we use the relative uncertainty and multiply it with a constant C to obtain a dimensionless χ 2 . This is similar to the proposed uncertainty of Ref. [6] . We use Q = max (m π , P ), where P is a typical momentum scale of the system, and obtain for the LO and NLO uncertainties 3 PJ waves for R0 = 1.0 fm. The legend is as in Fig. 1 .
where we take Λ = 500 MeV (400 MeV) for R 0 = 1.0 fm (1.2 fm) (see Ref. [20] ) and C = 1°. When studying 4 He, we choose the momentum scale associated with the average density in 4 He, P ≈ 290 MeV, and when studying neutron matter, we choose P to be the average momentum in a Fermi gas, P = 3/5k F , with the Fermi momentum k F . The PWA and numerical uncertainties in ∆δ i are negligible compared to this theoretical model uncertainty.
We fit the interactions up to energies of 50 MeV at LO and up to 150 MeV at NLO. In particular, we fit to the energy points: For all operator pairs, we present the fitted operator LECs, as well as the spin-isospin LECs C 00 and C 11 in Table I and show the phase shifts at LO in the left panels of Figs. 1-3 . The NLO results shown in the right panels will be discussed in Sec. V.
We begin by examining the 1 S 0 , 3 S 1 , and 3 D 1 phase shifts as well as the J = 1 mixing angle in Fig. 1 for R 0 = 1.0 fm, in comparison to the PWA. The results for R 0 = 1.2 fm are qualitatively similar; see Fig. 4 for an example for the 1 P 1 wave. The spin-isospin LECs C 01 and C 10 are fit and, thus, independent of the operator choice. Because these LECs enter the two S-wave and the 3 D 1 phase shifts, we do not observe any dependence on the operator choice. The lines for all operator pairs overlap for the 1 S 0 , 3 S 1 , and 3 D 1 channels and the mixing angle. The obtained phase shifts are very close to the corresponding phase shifts of Ref. [10] . Furthermore, for all potentials we find the same deuteron binding energy of E d = 1.942 MeV (1.949 MeV) for R 0 = 1.0 fm (1.2 fm).
While C 01 and C 10 do not depend on the chosen operator structure, it is immediately clear from Eq. (20) that the operator LECs as well as the spin-isospin LECs C 00 and C 11 do. When comparing the C 00 and C 11 values for two different operator combinations in Table I Fig. 1. see that the Fierz rearrangement freedom is violated for local regulators. Considering, e.g., the operator combination 1, σ 12 one obtains C 00 = C 01 and C 11 = C 10 . For the combination 1, τ 12 , instead, one finds C 00 = C 10 and C 11 = C 01 . As a consequence, the phase shifts in the corresponding spin-isospin channels are not independent of the operator choice when local regulators are used.
We show the phase shifts in the 1 P 1 (determined by C 00 ) and in the 3 P J (determined by C 11 ) partial waves at LO in the upper panels of Fig. 2 for R 0 = 1.0 fm. At low energies, the results agree very well with the PWA, and different choices for the operator pair lead to the same phase shifts, as expected. At higher energies, however, the subleading corrections become more important and the phase shifts begin to disagree considerably with the PWA as well as with each other. For all P waves, at energies above ≈ 20 MeV, the choice of the operator pair clearly affects the phase-shift prediction and we observe a large variation for the resulting phase shifts. This variation follows the ordering expected from Table I. In the 1 P 1 partial wave, e.g., the variation ranges from results for the τ 12 , σ 12 τ 12 interaction, which describe the PWA results very well, to results for the σ 12 , τ 12 interaction that even change sign at 130 MeV.
Because the 1 P 1 phase shift experiences a sizable effect, we show it again in Fig. 4 for the two operator pairs that give the extreme results and for both cutoffs. For R 0 = 1.0 fm, we additionally show the uncertainties according to the prescription of Ref. [3] (EKM uncertainties) at LO. We observe that the violation of the Fierz ambiguity is slightly worse for R 0 = 1.2 fm, which is expected based on the corresponding smaller momentumspace cutoff and, thus, larger correction terms. We also find, that the uncertainty due to the violation of the Fierz ambiguity is probed neither by varying the cutoff, which has been regarded as a tool for assessing the uncertainty due to neglecting higher-order contact operators, nor by the EKM uncertainties.
In Fig. 3 we show phase shifts for the
1 F 3 , and 3 F 3 partial waves for R 0 = 1.0 fm. For the D waves, only the S-wave spin-isospin LECs enter, and, thus, the LO phase shifts are independent of the short-range operators. For the F -wave phase shifts, the dependence on the short-range operator structure is nonnegligible only at energies larger than 200 MeV, because the higher-l phase shifts are protected by the angular-momentum barrier. These findings are consistent with our expectations based on the discussion around Eqs. (14) and (15) .
In addition to N N scattering phase shifts, we investigate the impact of different operator choices on other physical observables. In particular, we study the 4 He ground-state energy E using the GFMC method, and the neutron-matter energy per particle E/N at different densities using the AFDMC method. The results are shown in Fig. 5 for all operator combinations, together with the corresponding EKM uncertainties as error bars. We also show the spread of all operator pairs as shaded regions. If the Fierz rearrangement freedom were respected, the spread would vanish.
For the 4 He ground-state energy, we observe a sizable dependence on the LO operator choice. The 4 He groundstate energy varies between −35.4 MeV and −44.1 MeV, the 1, τ 12 interaction being an outlier due to strong P -wave attraction (excluding this operator choice, the ground-state energy only varies between −35.4 MeV and −38.8 MeV.) The spread for the different operator combinations is ∼ 9 MeV and comparable to the EKM uncertainties at this order.
In the case of neutron matter, the energy per neutron at half saturation density n 0 /2 (at n 0 ), with n 0 = 0. 16 4 . Phase shift as a function of laboratory energy in the 1 P1 channel for the two interactions that give the most extreme results: the σ12, τ12 and τ12, σ12τ12 interactions. We show the results for R0 = 1.0 fm with EKM uncertainty estimates (bands, see text) and the results for R0 = 1.2 fm as solid lines. The color scheme is as in Fig. 1 . tainties for these interactions, which has also been observed for the leading 3N contact interactions [15] . Furthermore, it is important to note that the operator choice 1, τ 12 leads to bound neutron matter for both densities.
This can be easily understood from Table I : the spinisospin LEC entering the triplet P waves is of the same size as the S-wave LEC and attractive for these operators. We exclude this interaction when showing the horizontal band.
IV. "COMPLETE" LO POTENTIALS
As we have seen in the previous section, the choice of the LO operators clearly impacts the results for phase shifts and the energies of nuclei and neutron matter, and leads to a range of results that is not covered by typical uncertainty estimates. To correct for this regulator artifact already at LO one could also explicitly compute the correction terms and include these in the calculation. Because it is nontrivial to include nonlocal terms in QMC simulations, we will not pursue this approach here.
Instead, we follow an idea similar to the one used in Ref. [15] and construct a LO potential with a projector on S = T partial waves. To implement this projector, we construct a complete LO potential, i.e., a potential that includes all four LO contact operators. In addition to fitting the 1 S 0 and 3 S 1 phase shifts (fitting C 01 and C 10 ), we enforce that the contribution of V LO cont (r, R 0 ) vanishes in the partial waves with T = S, i.e.,
where we have used Eq. (20) . Enforcing the two conditions in Eq. (25) eliminates the mixing into P waves. In the following, we call this interaction LO nP , for "no P -wave" mixing. This potential eliminates the regulator artifacts in odd-l partial waves and, hence, is closest to an LO potential that respects the Fierz rearrangement freedom. Furthermore, it simplifies the fitting procedure for local chiral interactions at higher orders in the chiral expansion. This potential leads to a good reproduction of the P -wave phase shifts, and, for R 0 = 1.0 fm, gives a 4 He ground-state energy of −37.6 MeV, and a neutronmatter energy of 11.8 (17.8) MeV at n 0 /2 (n 0 ). Results for this potential are also shown in Figs. 1-3 and 5 .
In addition to the LO nP potential, we also investigated a second complete LO potential, where we fit the additional couplings to the 1 P 1 and 3 P 2 partial waves. We call this interaction LO P . In contrast to the LO nP potential, the LO P potential does not eliminate any regulator artifacts at LO but instead matches them to reproduce two P -wave phase shifts. This potential, however, is too attractive in the triplet P waves, see Table I , and performs worst in the 3 P 0 and 3 P 1 partial waves. We also investigated the alternatives of fitting this potential to the 1 P 1 and one of the other 3 P J partial waves. These lead to an excellent description of the 3 P J wave under consideration, but an even worse reproduction of the other two triplet P waves, with, for example, C 11 ≈ 5C 01 in the fit to the 1 P 1 and 3 P 2 partial waves.
Due to the strong attraction in the triplet P waves, we find a large 4 He ground-state energy of ∼ −51 MeV for the LO P interaction. Furthermore, this potential leads to bound neutron matter. The LO P potential, thus, performs worst in all systems that we studied. Again, results for this potential are shown in Figs. 1-3 and 5.
V. NEXT-TO-LEADING ORDER
As stated above, the violation of the Fierz rearrangement freedom due to the local regulator will be corrected by higher-order terms. The first correction is of the order (Q/Λ) 2 and appears at NLO in chiral EFT. In the following, we investigate to what extent the subleading NLO short-range operators restore the Fierz rearrangement freedom at LO.
At NLO, the interactions include momentumdependent short-range contact interactions and twopion-exchange interactions. For the contact interactions, the most general set of operators in momentum space is given by 14 different terms,
As before, only seven out of these 14 operators are independent for reasons of antisymmetry if no regulator is included. We use the same local regulators at NLO as we did at LO. Then, the Fierz rearrangement freedom is again violated at NLO. In the following, however, we neglect the new regulator artifacts that originate at NLO and instead focus only on the LO regulator artifacts because they are the largest in size: The corrections to the NLO violation appear only at N 3 LO. Furthermore, the NLO regulator artifacts in S and P waves can be absorbed into the LECs and the first artifacts then appear in D waves, where they are additionally suppressed by the angular momentum barrier.
In the following, we construct NLO interactions for all possible pairs of LO operators, as well as the two potentials with the complete set of LO operators (LO nP and LO P ). We fix the NLO operators to be the six local operators and the spin-orbit operator, as in Refs. [9, 10] :
In addition to the S-wave phase shifts, we fit the LECs to the J = 1 mixing angle 1 and the 1 P 1 and 3 P J partial waves. We give the NLO LECs for all interactions in Table II .
We present the NLO phase shifts in the right panels in Figs. 1-3 . Regarding the S-wave phase shifts, we find a good description of the PWA results. Again, all seven interactions produce the same phase shifts. In the coupled channel, for the J = 1 mixing angle and the 3 D 1 phase shift, we observe a dependence on the operator choice. The reason is that the LECs describing the NLO tensor-contact interactions are different for all operator pairs in order to reproduce the P -wave phase shifts. The different tensor interactions then lead to differences in the 3 D 1 coupled channel, which affects the mixing angle. For the deuteron binding energy, we find an (almost) operator independent result of E d = 2.113 − 2.134 (2.107 − 2.162) MeV for R 0 = 1.0 fm (1.2 fm), where the range is again due to the somewhat different tensor interactions.
Turning to the P waves in Fig. 2 , we observe two effects at NLO. First, the reproduction of the PWA values is much better for both the singlet and triplet partial waves. Second, we find that the effects of the violation of the Fierz rearrangement freedom are considerably reduced. At LO, we found a sizable spread of the description of the P -wave phase shifts already at energies around 20 MeV. At NLO, all interactions lead to similar phase shifts up to energies of ∼ 100 MeV, but sizable regulator artifacts remain at higher laboratory energies. The impact of the violation of the Fierz ambiguity is worst in the 3 P 2 wave where the spin-orbit interaction is attractive and the tensor is weakest. Finally, for the higher-l partial waves in Fig. 3 , we find similar results for the phase shifts as at LO: These phase shifts are already well described by the OPE interaction at LO and improvements with the chiral order are counteracted by the different tensor interactions. However, the violation of the Fierz rearrangement freedom has only a small impact on these partial waves.
We now discuss the effects on the many-body observables. We show the neutron-matter energy at n 0 /2 in the middle panel of Fig. 5 . In contrast to the results at LO, we now find all interactions produce unbound neutron matter at roughly the same energy in the range of 9.1−9.7 MeV. Thus, for neutron matter at n 0 /2 the Fierz ambiguity is almost completely restored and the uncertainty from choosing different operator pairs is smaller than the EKM uncertainties. At higher density, n 0 , the spread between different interactions remains larger at 3.0 MeV, ranging from 11.6 MeV for the 1, τ 12 interaction up to 14.6 MeV for the 1, σ 12 interaction; see the right panel of Fig. 5 . This is to be expected, as the regulator artifacts increase with momentum or density (see also Refs. [11, 21] ).
Considering only the interactions that gave reasonable results already at LO, the spread reduces to 1.5 MeV and is, thus, only 1/4 of the spread at LO (5.8 MeV) and smaller than the EKM uncertainties of ≈ 2 MeV. The ordering of the NLO results closely follows the ordering of the description of the triplet P waves, with the 1, τ 12 interaction being the biggest outlier.
In summary, we find that the violation of the Fierz ambiguity in the N N sector is considerably reduced at NLO, and always covered by the EKM uncertainties, in contrast to the results at LO. The violation of the Fierz ambiguity will remain of similar size at N 2 LO because no new contact terms are introduced, but we expect that it should be almost completely removed at N 3 LO. As a consequence of these findings, recently derived local N N potentials at N 2 LO can be used with confidence within their uncertainties.
Finally, we discuss implications for 3N interactions. We found that the spread induced by different operator choices is sizable for the leading N N interactions. This is also the case for the leading 3N interactions as shown in Refs. [15, 21] . Our results demonstrate that the subleading contact interactions are necessary to reduce this spread. While in the N N sector they appear already at NLO in chiral power counting, the subleading 3N contact interactions only enter at N 4 LO. The implementation of the N 4 LO 3N forces is certainly challenging. Therefore, in order to tackle the violation of Fierz rearrangement freedom in the 3N sector, other ideas are necessary. These include the choice of the projected V E interaction of Ref. [15] or increasing the (momentum-space) cutoff for chiral interactions. However, we also note that we expect the EKM uncertainties to cover this effect for many (but not all) nuclear systems. In particular, for nuclear systems with densities (momenta) of the order of saturation density, we expect the EKM uncertainties to underestimate the effect coming from the violation of the Fierz ambiguity.
VI. CONCLUSION AND OUTLOOK
In summary, we investigated the violation of the Fierz rearrangement freedom that appears when using local regulators in the N N sector at LO in chiral EFT. We constructed interactions at LO and NLO in chiral EFT for all possible pairs of LO operators where we fitted the LECs to the PWA results for the two S-wave phase-shift channels. We also constructed two complete LO interactions where we determined the additional two LECs either by projecting on partial waves with S = T (attempting to restore the Fierz rearrangement freedom), or by fitting to the 1 P 1 and 3 P 2 phase shifts. We studied phase shifts, the deuteron and 4 He binding energies, as well as the energy of neutron matter at different densities for all of these interactions. Because we fitted the LECs to the two S = T channels, we found that all interactions lead to a similar description for these channels at LO. For the S = T channels, i.e., the 1 P 1 and 3 P J partial waves, we found instead a strong dependence on the chosen operator structure for energies of the order of 20 MeV. At NLO, in addition to an improved description of the phase shifts in general, we found the effect of the violation of the Fierz rearrangement freedom to be reduced considerably, having an effect only at energies larger than 100 MeV.
We then studied the 4 He ground-state energy, where the uncertainty due to the violation of the Fierz ambiguity reduced considerably when going from LO to NLO, from 8.7 MeV to 3.8 MeV. In neutron matter, we found a sizable dependence on the chosen operator structure at LO. In particular, two interactions lead to bound neutron matter. For the five interactions that did not show a collapse, the spread from choosing different operator pairs reduced from 2.0 (5.8) MeV to 0.2 (1.5) MeV when going from LO to NLO for n = n 0 /2 (n 0 ). At NLO, we found this spread to be much smaller than the EKM uncertainties for both densities. Furthermore, at saturation density, the operator dependence for the leading N N interactions was found to be smaller than that for the leading 3N forces at N 2 LO, with the latter being ≈ 4 MeV for the three different operator choices in Ref. [15] .
We found that the violation of the Fierz ambiguity in the N N sector is sizable at LO but restored to a large extent by including the subleading contact operators at NLO. Any remaining violations of the Fierz ambiguity at higher orders in the N N sector are significantly smaller than the violation from the leading 3N interaction at N 2 LO. The situation will further improve when contact interactions at N
